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Abstract. A new approach to modeling the electronic and dynamic properties of

dimerized polyacetylene is proposed. Compared to the well-known and widely used

approach, where dimerization is formed by the π-electrons of the valence band, in
the proposed model the same effect is provided by an additional potential in the

dynamic part of the Hamiltonian. In the usually used computational schemes, for a

lattice ofN sites,N π-electrons have to be used to describe dimerization, so the total
number of equations for quantum and classical dynamics is∼ N2/2. The integration
step is dictated by the ”fast” quantum subsystem and should be small. Both of these

reasons make modeling difficult at large times and scales. In the proposed approach,

in contrast to theN -electronicmodel, for describing a polaron on a dimerized lattice,

the one-electron approximation is sufficient when the electron occupies the lowest

level of the conduction band. Thus, the number of basis functions decreases to ∼
3N , which allows to carry out calculations on large scales and times.

Key words: polaron, electron-phonon interaction, polyacetylene.

INTRODUCTION

Polyacetylene (PA) with the structural formula (–CH=CH–)n is an organic polymer with

π-conjugated alternating single and double bonds. It plays an important role in both practical

applications and especially in the theory of one-dimensional many-electron systems. Of greatest

interest was the discovery of the transition of PA from awide-gap semiconductor (∆E ≈ 2.4 eV)
to a conducting state with a specific conductivity comparable to the conductivity of metals [1,

2, 3] under doping (that is, in chemical contact with electron donors or acceptors).

Naturally, this discovery has generated great interest to the theory of many-electron systems

and the reasons for the increase in conductivity by∼ 10 orders of magnitude upon doping. First
of all, the reason for the bond alternation lengths was clarified. It was found that the effect is the

result of competition between two forces acting on the carbon atoms of the PA polymer chain.

The first arises due to the interaction of σ-electrons, and this force tends to equate bond lengths.

Very often this interaction is taken into account in the harmonic approximation. The second force

is provided by the conjugated π-electrons and tends to decrease bond lengths due to exchange

interaction. It is a compromise between these two forces that determines the equilibrium with

alternating bonds. This effect is sometimes referred to as the Peierls’ alternation [4].

There are two main approaches to description of the PA lattice dimerization. In the first,

dimerization is introduced through the so-called symmetry breaking term, first proposed by

S. Brazovsky andN. Kirova [5, 6]. The secondmethod uses amodel that includes allπ-electrons.

If the PA chain is neutral (N electrons atN lattice sites), then the electrons occupying the valence

band provide the lattice dimerization.

Currently, it is believed that the conductivity of PA is implemented by polarons. Polarons

are formed as a result of doping, when the dopant, an electron acceptor or donor, takes or gives
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an extra electron to the PA chain. The joint evolution of the dynamic and quantum subsystems

in the presence of an extra charge (electron or hole) results in the formation of a polaron and this

corresponds to a minimum of the total energy of the system.

Following the polaron paradigm in the explanation of the PA conductivity, it is necessary to

understand the polaron dynamics and mechanisms of the polaron interaction with the external

field. Research in this area began about 40 years ago with the study of charged solitons in PA

[7, 8, 9, 10]. Later attempts were made to reveal the effect of the applied electric field on the

charged soliton [11].

This issue was considered in more detail in [12, 13, 14, 15]. Later, many works were devoted

to the dynamics of polaron in an electric field. One of the most intriguing features was a step-like

change in the polaron velocity from the subsonic values to those exceeding the speed of sound

by a factor of ≈ 3 within a very small range of the electric field strength [16, 17, 18].
To describe a polaron, a joint consideration of the classical lattice dynamics and quantum

charge dynamics is necessary. Classical dynamics are Newtonian equations. Quantum dynamics

is most often formulated on the basis of the Su, Schrieffer, and Heeger (SSH) approximation

[8, 9], which is based on the tight-binding (TB) approximation when interaction only between

the nearest neighbors is taken into account. The combination of classical and quantum methods

in one problem raised some questions. These issues were resolvedwhen the lattice was quantized

[19].

The unit cell in PA is dimerized (consists of two sites) and, therefore, there are two

branches in the vibrational spectrum, acoustic and optical. It is the transition of the generated

oscillations from the acoustic to the optical branch that phenomenologically explains the

step-like dependence of the polaron velocity on applied field strengths.

From a computational point of view, the many-electron problem is time consuming as it is

necessary to integrate the system of equations for ∼ N2/2 variables with a small ‘‘quantum’’
time integration step. Usually the system of several hundred particles and cyclic boundary

conditions are used. In this paper, we propose a single-electron model of PA, which fully

preserves the main features of many-electron model, but the number of variables decreases to

∼ 3N .

MODELS DESCRIPTION

1. Many-electron model

In this section we briefly recall the many-electron (ME) model which is usually applied for

modeling polarons in PA and other conjugated polymers.

Usually the Hamiltonian of a polaron model has two terms

H = Hel +Hlat, (1)

where the electronic quantum term Hel acts on the wave functions of the electrons and is also

responsible for the electron-phonon interaction. In the case of PA, there are N π-electrons fully

occupying N/2 levels of the valence band and extra (N + 1)st electron at the lowest level of
the conducting band. The classical term Hlat in (1) describes the interaction between the lattice

units.

When modeling polarons in PA, Hel is usually taken in the SSH approximation:

Hel = −
∑
j

[t0 − χ(yj − r0)]
[
eiγA(t)c+j+1cj +H.c.

]
. (2)

Here yj ≡ xj+1−xj , where xj is the absolute coordinate of j-th CH group along the lattice, and

all yj = r0 for the optimized undimerized lattice, where r0 is the lattice constant; c
+
j /cj is the
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creation/annihilation operator of an electron at the site j, t0 is the hopping integral at equilibrium,
and χ(yj − r0) is its modification due to the lattice displacement, A(t) is the time-dependent

vector potential and the electric field is given by E = −1

c

dA

dt
. The parameter γ is defined as

γ = er0/~c, where e is the absolute value of the electronic charge, c is the light velocity, and ~ is
the reduced Planck constant. In the case of constant electric field A(t) = −cEt and exponential
factor in (2) transforms as exp[iγA(t)]→ exp

(
− ieEr0

~ t
)
.

Matrix elements of (2) for cyclic boundary conditions are:

Hj,j+1 = Hj+1,j = − [t0 − χ(yj − r0)] ;

H1,N = HN,1 = − [t0 − χ(yN − r0)] ; Hj,j = 0.
(3)

The lattice Hamiltonian in ME model of PA is

HME
lat =

k0
2

∑
j

(
yj − r0

)2
+

M

2

∑
j

ẋ2
j , (4)

whereM is the mass of the CH unit, k0 is the spring constant for the σ energy when expanded
to the second order about the equilibrium undimerized system.

Thus, in the ME model, the classical lattice Hamiltonian (4) describes an undimerized

lattice with an equilibrium distance between sites r0. The quantum Hamiltonian (2) refers to

the interaction of π-electrons with the lattice, leading to lattice dimerization.

Cyclic boundary conditions are usually used. For the charged lattice of N sites, the number

of electrons is N + 1, i.e. N/2 levels of the valence band are double occupied, and the extra
electron occupies the lowest level of the conduction band.

The generally used parameters for PA model are k0 = 21 eV/Å2, t0 = 2.5 eV, χ = 4.1 eV/Å,
r0 = 1.22 Å,M = 13 amu [20]. The parameters are fitted to correctly describe the geometry and
band structure of the perfect dimerized lattice.

Usually, when modeling the polaron evolution in the electric field, a static polaron is formed

as the initial conditions. And then the electric field is switched on instantly or otherwise. The

static polaron solution is obtained by solving the self-consistent system of equations for yj:

yj = r0 −
2χ

K
ρj,j+1 +

2χ

KN

occ∑
j′

ρj′,j′+1, (5)

where ρj,j+1 =
∑
ν

ψν,jψ
∗
ν,j+1 is the matrix element of the density matrix ρ and Ψν is

the eigenfunction diagonalizing the electronic Hamiltonian Hel with A = 0, when the

eigenfunctions can be taken as real functions. The summation over ν is restricted to the occupied

states. Equations (5) are obtained byminimizing the energy described by theHamiltonian (2) and

(4) with the additional condition
∑

yj = Nr0 which is necessary to satisfy the cyclic boundary
conditions. Equations (5) can be used since here the lattice coordinates yj are explicitly expressed
in terms of electronic wave functions.

The polaron dynamics in an external electric field is described by joint solving the equations

following from (2) and (4) (for more details see e.g. [12]). In the ME model, it is necessary

to integrate ∼ N2/2 equations for electronic and dynamic variables. In addition, the time

integration step should be small due to the ‘‘fast’’ quantum subsystem. Therefore, due to

computational difficulties, a relatively small number of particles and cyclic boundary conditions

are usually used. This does not allow a detailed analysis of the polaron dynamics at large times

and scales. For this reason, an attempt is made to formulate a simpler single-electron model
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preserving the basic features of the ME problem.

2. Single-electron model

When constructing a single-electron model (SE) of PA, it is necessary to solve the main

problem – to provide the dimerization of the lattice while maintaining the basic dynamic features

of the ME model. In the ME model, the interaction of π-electrons is described in the TB

approximation taking into account the lattice deformation. Effectively, this interaction causes

compression of the lattice. The competition between the harmonic lattice interaction and the

interaction ofπ-electrons results into the lattice dimerization. TheMEmodel has a clear physical

background and well describes the dynamic and electronic properties of PA.

The dimerization in the proposed SE model is described by an additional artificial classical

potential simulating the lattice compression due to the interaction of π-electrons. This is possible

due to the following non-obvious property of the ME model. It turned out that in the ME model,

the electrons of the valence band do not make any contribution to the formation of the polaron

when an extra electron is added. An analysis of the wave functions density distribution over

the lattice sites shows that for both the standing and moving polarons, at any lattice site the

average charge density resulted from N electrons of the valence band is 1. And the charge

localization and lattice deformation are provided exclusively by an extra electron occupying

the lowest level of the conduction band. This fact allows to construct a model in which the

dimerization is provided by the classical potential with appropriately fitted parameters.

The lattice Hamiltonian in the SE model is

HSE
lat =

k0
2

N∑
j=1

(
yj − r0

)2
+

k1
2

single∑
j=1,N/2

y22j−1 +
k2
2

double∑
j=1,N/2

y22j +
M

2

∑
j

ẋ2
j , (6)

where the notations are the same as above.

The first term in right-hand side of Eq. (6) is the same as in the ME model (see Eq. (4)).

It describes the interaction of σ electrons and is responsible for the lattice tendency to the

undimerized state with y = r0. The second and the third terms describe the compression of
the lattice due to the interaction of π-electrons and have a minimum at y = 0. The lattice with
this interaction potential, has a dimerized equilibrium state with alternating single (long) and

double (short) bonds. For definiteness, we assume that odd bonds are single, and even bonds

are double, i.e. k2 > k1. Then the second sum in (6) refers to the additional potential for single

odd bonds (the index is ”single” when summing), and the third sum refers to the potential for

double even bonds (index ”double”).

The potential described by the Hamiltonian Eq. (6) has an analytical solution for the

equilibrium bond lengths with r1 = r0 + δ for single bonds, and r2 = r0 − δ for double bonds.
Here, δ is the alternation parameter

δ =
k2 − k1

2k0 + k1 + k2
r0 . (7)

Note that the Eqs. (7) are valid for cyclic boundary conditions, where the condition
∑

j yj =
Nr0 is satisfied. Note that the lattice interaction between two nearest sites in the SE model

is effectively harmonic with the potential
N∑
j=1

kj
2

(
yj − reqj

)2
with renormalized alternating

parameters, namely, kj = k0 + k1 and reqj = r1 for odd j (single bonds) and kj = k0 + k2,
and reqj = r2 for even j (double bonds). Note that with the same scaling of k0, k1 and k2, r1 and
r2 do not change.

The parameters of the SE model are summarized in Table 1. The values of M and r0
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Table 1. SE model parameters

parameter value

k0, eV/Å
2 7.5

k1 = k0, eV/Å
2 6.5

k2 = k0, eV/Å
2 8.5

t0, eV 2.5

χ, eV/Å2 6.0

r0, Å 1.22

M , amu 13

are obviously the same as in the ME model. The spring constants are selected from the best

coincidence of the vibrational spectra of both models providing the correct bond lengths of the

perfect dimerized lattice. Note that the ME model for uncharged lattice include only pairwise

interaction. So only the coincidence of the general view of the vibrational spectra and the close

values of frequencies can be achieved. The t0 value is taken the same as in the MEmodel. The χ

value is chosen so that the geometry of the standing polaron (amplitude and width) to be similar

in both models.

The geometry of standing polaron in the SE model is derived by numerically solving an

equation similar to Equation (5)

y2j−1 = k̃2r0 −
2χ

k0 + k1
ρ2j−1,2j +

2χ

N
k̃2ρ̃;

y2j = k̃1r0 −
2χ

k0 + k2
ρ2j,2j+1 +

2χ

N
k̃1ρ̃,

where

k̃1 =
2(k0 + k1)

2k0 + k1 + k2
; k̃2 =

2(k0 + k2)

2k0 + k1 + k2
;

ρ̃ =
1

k0 + k1

N/2∑
j′=1

ψ2j′−1ψ2j′ +
1

k0 + k2

N/2∑
j′=1

ψ2j′ψ2j′+1

(8)

and {Ψ} is the wave function of the lowest level of the conduction band.
The polaron evolution is derived by joint numerical solution of dynamical equations for the

lattice displacements

Mẍ2j−1 = k0(2x2j−1 − x2j − x2j−2) + k1(x2j − x2j−1)− k2(x2j−1 − x2j−2)

+χ
{
F
[
ψ∗

2j−1ψ2j −ψ∗
2j−2ψ2j−1

]
+ c.c.

}
Mẍ2j = k0(2x2j − x2j+1 − x2j−1) + k2(x2j+1 − x2j)− k1(x2j − x2j−1)

+χ
{
F
[
ψ∗

2jψ2j+1 −ψ∗
2j−1ψ2j

]
+ c.c.

}
(9)

and the time-dependent Schrödinger equation for the wave function

i~
∂ψj

∂t
= − [t0 − χ (xj+1 − xj − r0)]Fψj+1 − [t0 − χ (xj − xj−1 − r0)]F

∗ψj−1, (10)
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where F = exp(− ieEr0
~ t). Equations (9) and (10) are integrated by the Runge-Kutta method

with a time step of 10−2 fs.

MODELS COMPARISON

In this section we liken together the main results for two models. First of all, we compare

the vibrational spectra of dimerized lattices in both models, since the vibrational spectrum is an

important characteristic, and it is also believed that it determines the polaron evolution in the

electric field.

Note that we do not try to choose the values of the SE model parameters so as to fully

correspond to the ME model, which is not possible. Therefore, one cannot expect a complete

coincidence of the results for both models. It is important that the simplified SE model

qualitatively reproduces the basic features of the original ME model.

Fig. 1. Vibrational spectra of uncharged dimerized lattice for the ME (open red circles) and SE

(filled blue triangles) models. In both cases, the lower curve is the acoustic branch and the upper

curve is the optical branch.

The vibrational spectra of uncharged dimerized lattice ofN = 300 sites for both models are
shown in Figure 1. The spectrum is derived by the diagonalization of the Hessian which is the

matrix of second derivatives of the total energy U of the perfect dimerized uncharged lattice.

For the ME model, the matrix elements are calculated numerically: Hessi,j = ∂2U/∂xi∂xj =
−∂fi/∂xj , where fi is the i-th component of the force. For the SE model, the matrix elements

have simple expressions:

Hess =


· · · · · · · · · · · · · · ·
· · · 2k0 + k1 + k2 −(k0 + k1) 0 · · ·
· · · −(k0 + k1) 2k0 + k1 + k2 −(k0 + k2) · · ·
· · · 0 −(k0 + k2) 2k0 + k1 + k2 · · ·
· · · · · · · · · · · · · · ·


← 2i− 1

← 2i

← 2i+ 1

(11)

A characteristic feature of the spectrum is the weak dependence of the optical frequency

on the wave vector k. For the ME model, the optical branch has a wide and smooth maximum

at k ≈ 0.7 Å−1. The nonmonotonic dependence of the optical frequency on k is related to

630

Mathematical Biology and Bioinformatics. 2019. V. 14.№ 2. doi: 10.17537/2019.14.625



SINGLE-ELECTRON MODEL OF POLYACETYLENE

the long-range nature of the electron-phonon interaction between the lattice and N electrons

occupying N/2 levels of the valence band.
The SE model for an uncharged lattice includes only pairwise interaction of neighboring

sites. In this case, the maximum of the optical vibrations branch is in the center of the Brillouin

zone (k = 0). Despite these insignificant differences, the general patterns of the spectra are
similar for both models.

Fig. 2. Standing polaron for the ME (a) and SE (b) models.

Figure 2 shows standing polarons derived by numerical solutions of Equations (5) and (8)

for ME and SE models, respectively. One can see that they are very similar. Here, the lattice

geometry is expressed in terms of bond deviation defined as zj ≡ xj+1−xj−r0, where r0 is the
j-th bond length in the dimerized lattice for either the single bond (rs0 ≈ 1.14Å) or the double

one (rd0 ≈ 1.3Å), zj is positive for double bonds, and negative for single bonds, i.e. short double
bonds get longer in the polaron domain, and long single bonds are shortened.

For theMEmodel, qj is defined as the averaged additional charge qj ≡ [ρ̃j+1+ρ̃j−1+2ρ̃j]/4,
where ρ̃j =

∑
ν

|ψν,j|2 − 1 with summation over the occupied levels (ν ∈ [0, N/2 + 1]). In

the case of the SE model, qj is the average charge per bond between sites j and j + 1, i.e.
qj = 0.5(|ψj|2 + |ψj+1|2).

Fig. 3. Dependence of polaron velocity on electric field strength: the ME model (open red cicles)

and the SE model (filled blue squares).
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Since polarons are of primary interest as charge carriers, a huge amount of work has been

devoted to modeling the evolution of polarons in an electric field. A characteristic feature of

the polaron behavior in the electric field in the ME model is a stepwise dependence of the

stationary polaron velocity on the field strength (see curve of circles in Fig. 3). This effect is

phenomenologically explained by the presence of two vibrational branches, acoustic and optical,

and the transition between them.

For the MEmodel, a direct relationship between the behavior of a polaron in an electric field

and the vibrational spectrum of an uncharged lattice was demonstrated in molecular dynamical

simulations [21]. It was shown that the range of allowed velocities of subsonic polarons

corresponds to the range of phase velocities of the acoustic vibrational branch, while the speed

of supersonic polarons lies in the range of phase velocities of the optical vibrational branch.

Moreover, a moving supersonic polaron generates monochromatic oscillations representing a

plane wave. These vibrations are one of the eigenmodes of the optical vibrational branch, and

the phase velocity of this mode is equal to the phase velocity of the polaron. However, the reason

for the step in the dependence of polaron on the electric field strength (from vsnd to about 4vsnd)
remains unclear, since there is no gap between the maximum phase velocity of the acoustic

branch (vsnd) and the minimum phase velocity of the optical branch.

Since the parameters of the SE model are selected so that the vibrational spectra in both

models are similar, we can expect a similar dependence of the polaron velocity on the electric

field strength, as Figure 3 demonstrates.

Fig. 4. Snapshots of the polaron evolution for the ME (left panel) and SE (right panel) models.

Here, bond deviations zj are shown by filled blue triangles and and charge distribution |ψj |2 is
shown by open red circles.

For illustration, we compare the results of molecular dynamics modeling for both models.

Figure 4 shows lattice fragments of 100 sits with a polaron moving in an electric field. The

polaron velocity is the same and equal to 3.9vsnd. Left panel of Figure 4 presents the ME model.

Here the lattice length is 300 sites, the polaron is initially centered at site 150, zj is the bond
deviation as above, and |ψj|2 is the charge distribution of the extra electron. The snapshot is at
t = 2000 fs. At this moment, the polaron moved around the lattice three times and generated
vibrations are superimposed on its profile. Right panel of Figure 4 presents the SE model. Here

the lattice length is 3000 sites, the polaron is also initially centered at site 150, z is the bond
deviation as well, and |ψ|2 is the charge distribution of the single electron. The snapshot is

presented at t = 6000 fs. By this time, the polaron has not yet reached the end of the chain. A
comparison of the figures shows a similar evolutionary pattern for both models. Moreover, due

to the large lattice length in the SE model, it is possible to analyze the evolution of the polaron

profile over a long time.
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In addition the simplicity of the SE model gives hope for the development of an analytical

model similar to that for polaron on harmonic lattice, and then to analyze the polaron evolution

in an electric field.

CONCLUSIONS

Anew approach is proposed for describing the polaron evolution on the dimerized PA lattice.

To date, the many-electron SSHmodel was used. The physically clear and simple approximation

for the electron Hamiltonian, combined with a simple description of the lattice dynamics, made

this model very attractive for research.Within the framework of this model, an astonishing result

was obtained that the polaron velocity in an external electric field increases approximately 3

times, to speeds exceeding the speed of sound, with a very small change in the field strength.

Although it has been suggested that the jump in speed is associated with the transition from the

acoustic to the optical branch of vibrational excitations, there is still no clear understanding of

the nature of this phenomenon.

Unfortunately, the SSHmodel is time andmemory consuming in numerical simulations, as it

includesN(N/2+1) quantum variables for electron wave functions and 2N classical variables

for the lattice coordinates and velocities. That is why the size of modeled lattice is usually about

several hundreds sites and cyclic boundary conditions are used. However, there is no certainty

that with a limited simulation time, the system achieves a stationary state.

In the proposed SE model, dimerization is taken into account through an additional term

in the classical lattice potential. The parameters of the model are selected in such a way that

it preserves the main features of the ME problem. It is hoped that the use of the proposed SE

model will elucidate the problem of the step-like dependence of polaron velocity on electric

field strength. Since the simplicity of the model gives us hope to get an analytical solution for a

moving polaron.
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